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We start with a Problem...

Let

z = (z1, . . . zd) be complex variables,

F (z) = G(z)
H(z)

rational with H(0) ̸= 0,

so F has power series expansion

F (z) =
∑

i1,i2,...,id≥0

fi1,i2,...,idz
i1
1 zi22 · · · zid =

∑
i∈Nd

fiz
i

r = (r1, ..., rd) ∈ Nd.

Problem

Can one compute asymptotics for the diagonal coefficient sequence (fnr)
∞
n=0?
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Applications

Diagonals of rational functions appear in the study of...

Lattice paths

∮

Γ(t)

F (x, t) dx

Period integrals
Irrational tilings

B1 B2

C1 C2

Graphs and Networks

...AND MUCH MORE!
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Another Problem: Positivity

Problem

Total Positivity: Given F , are all fi positive?

Directional Positivity: Given r, are all fnr positive?

Eventual Positivity: Are the fi (or fnr) eventually positive?

Examples: The following functions are totally positive.

1

1− x− y − z + 4xyz

1

e3(1− x, 1− y, 1− z, 1− w)

1

e2(1− x, 1− y, 1− z, 1− w)

1

1− x1 − · · · − xd + d!x1 · · ·xd

Recent work:

Kenison et al, On Positivity and Minimality for Second-Order Holonomic
Sequences, 2020

Ibrahim and Salvy, Positivity Proofs for Linear Recurrences through
Contracted Cones, 2024

Ibrahim, Positivity Proofs for Linear Recurrences with Several Dominant
Eigenvalues, 2025
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Another Problem: Positivity

Idea

To show fnr > 0 for all n:

1. Derive asymptotic λ(n) for fnr.

2. Show λ is positive.

3. Bound fnr close to λ, explicitly.

4. Verify positivity for finitely many terms.

n

0 1 2 3 · · · N

λ

fnr

This motivates the need for explicit error bounds!
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Related Work

Inspired by...

Baryshnikov, Melczer, Pemantle, Straub, Diagonal asymptotics for
symmetric rational functions via ACSV, 2018

Straub’s survey, Positivity of rational functions and their diagonals, 2015

Dong, Melczer, Mezzarobba, Computing Error Bounds for Asymptotic
Expansions of Regular P-Recursive Sequences, 2023

Software:

See bound coefficients in Ore Algebra package, or [DMM 2023].
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ACSV

Given F = G/H with gcd(G,H) = 1 and H(0) ̸= 0,

F (z) =
∑
i∈Nd

fiz
i.

Fix r ∈ Nd.

How do we compute λ(n) such that

fnr = λ(n)(1 +O(1/n)) ?

How do we compute λ(n) and N ∈ N such that

|fnr − λ(n)| ≤ 1

2
|λ(n)|

for all n ≥ N?
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ACSV

Answer: Take inspiration from the univariate case!

Step 1: Start with Cauchy integral expression

fnr =
1

(2πi)d

∫
T (w)

F (z)

znr+1
dz,

where T (w) is a product of circles with radii |wk|.

Step 2: Bound |fnr| as a function of w.

Step 3: Find critical points.

Step 4: Find minimal critical points.
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ACSV

Roughly speaking,

minimal points: can deform Cauchy integral close to them.

critical points: can locally approximate integral.

Fact

Generically, there are a finite number of minimal critical points.

A minimal critical point σ is called

strictly minimal if {H(z) = 0} ∩ T (σ) = {σ},
finitely minimal if {H(z) = 0} ∩ T (σ) is finite.
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ACSV

Assuming strictly minimal critical point σ with “nice” geometry:

Step 5: Localize Cauchy integral to nbd N of σ.

Step 6: Reduce to residue integral χ by introducing exponentially smaller
error.

Step 7: Approximate χ with saddle-point method.

T
δ

δ

σ̂
N
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Step 7: Approximate χ with saddle-point method.
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Note:

χ =
σ−nr

(2π)d−1

∫
[−δ,δ]d−1

A(θ)e−nϕ(θ)dθ︸ ︷︷ ︸
sub-exponential term
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Our Results

First, to constructively show that fnr is well-approximated by χ.

Proposition 1

Let F , r, and χ be as above, and suppose σ is strictly minimal smooth critical.
Then one can construct a c > 0 and 0 < τ < |σ|−r so that for all n,

|fnr − χ| < cτn.

A similar result holds in the finitely minimal case.
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Our Results

Next, find explicit error bounds for asymptotic of χ. But before that...

Definition

The point σ is called nondegenerate if the Hessian matrix H of ϕ at 0 is
nonsingular.

Fact [Lemma 5.5, Melczer ’21]

detH is computable, hence nondegeneracy is decidable.

Proposition 2

Let σ, χ be as above with σ nondegenerate. Let α ∈ Q∩ (1/3, 1/2) and define

λ(n) :=
σ−nr

n(d−1)/2

(2π)(d−1)/2A(0)√
detH

.

Then one can construct N ∈ N and C > 0 such that

|χ− λ| ≤ C|λ|n1−3α.

for all n ≥ N .
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Our Results

Theorem

Let σ be a strictly minimal nondegenerate smooth critical point, and let fnr, λ,
α be as above. Then ∀ ϵ ∈ (0, 1) there exists a computable N ∈ N such that

|fnr − λ| ≤ ϵ|λ|

whenever n ≥ N .

Again, one can extend this argument to the finitely minimal case without much
difficulty.
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Consequences: Positivity

If λ > 0 then we have the following

Corollary

(fnr) is positive if f0, fr, f2r, ..., f(N−1)r are positive.

Examples:

Bivariate

F (x, y) =
1

1− ax− by + cxy
a, b, c ≥ 0, ab > c.

With a = c = 3, b = 4 we get N = 1269.

Gillis-Reznick-Zeilberger

F (z1, ..., zd) =
1

1−
∑

i zi + d!
∏

i zi
, d ≥ 4.

With d = 4 we get N > 106.
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Aside / Advertisement

We wrote a Sage package for computing diagonals...

https://github.com/ACSVMath/sage periods

https://github.com/ACSVMath/sage_periods
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Conclusion & Future Work

We’ve found explicit error bounds for smooth ACSV and reduced
positivity to checking λ > 0 & finitely many initial terms.

Future work:

Get bounds (including finitely minimal ones!) fully implemented in Sage.

Compare and contrast to Kenison, Ibrahim methods, plus “classical.”

Sharpen bounds; investigate “limit bounds” in parameter space as
α ↘ 1/3.

Extend to many directions at once using uniformity or nonstandard
directions.

Extend bounds to nonsmooth case, larger classes of functions.

Thank you! :)
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