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Let

z = (z1,...2q) be complex variables,
F(z)= fl((’j) rational with H(0) # 0, so F' has power series expansion
F(z) = Z fi17i2,<--,idzilzéz g = Z fizi

01,82,...,ig >0 ieNd

r=(ry,..,rq) € N

Problem

Can one compute asymptotics for the diagonal coefficient sequence (fnr)neo?
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Diagonals of rational functions appear in the study of...

Lattice paths

]{ F(x,t)dx ...AND MUCH MORE!
I'(t)

Irrational tilings

Period integrals e a

Graphs and Networks
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o Total Positivity: Given F', are all f; positive?
o Directional Positivity: Given 7, are all f,, positive?

« Eventual Positivity: Are the f; (or f.r) eventually positive?

Examples: The following functions are totally positive.

1 1
1—z—y—z+4zyz * e2(l—z,1—y,1—21—-w)
1 1
L] [ )
es(l—z,1—y,1—2,1—w) l—z1—-—xg+dar x4

Recent work:

o Kenison et al, On Positivity and Minimality for Second-Order Holonomic
Sequences, 2020

o Ibrahim and Salvy, Positivity Proofs for Linear Recurrences through
Contracted Cones, 2024

e |brahim, Positivity Proofs for Linear Recurrences with Several Dominant
Eigenvalues, 2025
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Idea
To show fr,» > 0 for all n:
1. Derive asymptotic A(n) for fn,.

. Show A is positive.

2
3. Bound f,- close to A, explicitly.
4

. Verify positivity for finitely many terms.

This motivates the need for explicit error bounds!
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Inspired by...

e Baryshnikov, Melczer, Pemantle, Straub, Diagonal asymptotics for
symmetric rational functions via ACSV, 2018
o Straub’s survey, Positivity of rational functions and their diagonals, 2015
o Dong, Melczer, Mezzarobba, Computing Error Bounds for Asymptotic
Expansions of Regular P-Recursive Sequences, 2023
Software:
[1]: from ore_algebra impert OreAlgebra

from ore_algebra.analytic.singularity analysis import bound_coefficients

Pol.<z> = PolynonialRing(QQ)

Dop.<Dz> = OreAlgebra(Pol) # Dz ents the operator d/dz

dop = (2%2%(4*z - 1)*(d%z + 1)# + 24zH(44ze1) H(16+2-3)*D272 + 2%(112#272 + 14%z
bound_coefficients(dop, [1, 2, 61, order=2)

(-2) + B([1503.374850517149 +/- 3.85e-13]1*n~(-3)*log(n), n >= 7))

- 3)*Dz + 4%(16%z + 3))

: 1.000000000000000*4°n* (([1.27323954473516 +/- 3.09e-15] + [+/- 2.57e-25]*1)*n"(-1) + ([-1.90985931710274 +/- 4.63e-15] + [+/- 3.86e-25]*I)*n~

See bound_coefficients in Ore_Algebra package, or [DMM 2023].
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e Given F = G/H with ged(G, H) =1 and H(0) # 0,

F(z)= Z fiz".

i€Nd

Fix r € N

e How do we compute A(n) such that

far =A()(1+0(1/n)) ?

e How do we compute A(n) and N € N such that

[far = A)] < SIAG)]

foralln > N7?
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Answer: Take inspiration from the univariate case!

Step 1: Start with Cauchy integral expression

P / F(z)

(27-{-1)(1 J7(w) Znr+l ’

where T'(w) is a product of circles with radii |wy|.
Step 2: Bound |fnr| as a function of w.
Step 3: Find critical points.

Step 4: Find minimal critical points.
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ACSV

Roughly speaking,
o minimal points: can deform Cauchy integral close to them.

e critical points: can locally approximate integral.

Generically, there are a finite number of minimal critical points.
A minimal critical point o is called

e strictly minimal if {H(z) =0} NT(o) = {o},
o finitely minimal if {H(z) =0} NT (o) is finite.

9/16



Assuming strictly minimal critical point o with “nice” geometry:

10/16



Assuming strictly minimal critical point o with “nice” geometry:

e Step 5: Localize Cauchy integral to nbd AV of o.

10/16



Assuming strictly minimal critical point o with “nice” geometry:
e Step 5: Localize Cauchy integral to nbd AV of o.

o Step 6: Reduce to residue integral x by introducing exponentially smaller
error.

10/16



Assuming strictly minimal critical point o with “nice” geometry:
e Step 5: Localize Cauchy integral to nbd AV of o.

o Step 6: Reduce to residue integral x by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.

10/16



Assuming strictly minimal critical point o with “nice” geometry:
e Step 5: Localize Cauchy integral to nbd AV of o.

o Step 6: Reduce to residue integral x by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.

Note:

—nr

o

/ A0)e "9 g0
[—6,8]4—1

10/16



Assuming strictly minimal critical point o with “nice” geometry:
e Step 5: Localize Cauchy integral to nbd AV of o.

o Step 6: Reduce to residue integral x by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.

Note:

—nr

o

/ A0)e "9 g0
[—6,8]4—1

sub-exponential term
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First, to constructively show that f,, is well-approximated by Y.

Proposition 1

Let I, r, and x be as above, and suppose o is strictly minimal smooth critical.

Then one can construct a ¢ > 0 and 0 < 7 < || ™" so that for all n,

| for — x| < e

A similar result holds in the finitely minimal case.
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Next, find explicit error bounds for asymptotic of x. But before that...

Definition
The point o is called nondegenerate if the Hessian matrix H of ¢ at 0 is
nonsingular.

Fact [Lemma 5.5, Melczer '21]

det H is computable, hence nondegeneracy is decidable.

Proposition 2
Let o, x be as above with o nondegenerate. Let « € QN (1/3,1/2) and define
—nr (d—1)/2
An) 1= o (2m) A(0)
n(d=1/2 Vdet H

Then one can construct N € N and C' > 0 such that

Ix — Al < C|A|n' 3,

foralln > N.
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Theorem

Let o be a strictly minimal nondegenerate smooth critical point, and let fp,, A,
o be as above. Then V € € (0,1) there exists a computable NV € N such that

[frr — Al <€Al

whenever n > N.
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Theorem

Let o be a strictly minimal nondegenerate smooth critical point, and let fp,, A,
o be as above. Then V € € (0,1) there exists a computable NV € N such that

[frr — Al <€Al

whenever n > N.

Again, one can extend this argument to the finitely minimal case without much
difficulty.
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e If A >0 then we have the following

Corollary
(fnr) is positive if fo, fr, for, ..., f(w—1)r are positive.
o Examples:

Bivariate

1
F =——— b,c >0, ab .
($7y) l—ax—by—i-cxy a,b,c =2 U, a >c

With a =c=3, b =4 we get N = 1269.
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Consequences: Positivity

e If A >0 then we have the following

Corollary
(fnr) is positive if fo, fr, for, ..., f(w—1)r are positive.

o Examples:

1
F =——— b,c >0, ab .

With a =c=3, b =4 we get N = 1269.

1
F(Z1,...,Zd):1_2i2i+d!1_[i2i, d>4.

With d = 4 we get N > 10°.
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Aside / Advertisement

We wrote a Sage package for computing diagonals...

from sage periods import *
var( 'xy 2 w'
F o= 1/(1-x-y-2-w + 24%exy*zaa)

%time L = compute diagonal annihilator(F)
L

CPU times: user 896 ms, sys: 3.89 ms, total: 899 ms
all time: 897 ms

(t"8 + 5/36%t"7 + 31/5184*t"6 - 23/31104%t"5 + 55/2985984*t"4 - 19/107495424%t"3 + 1/1719926784*t"2)*Dt"3 + (6%t"7 + 13/24*t"6 + 1/192*t"5 -

37/20736%1°4 + 13/248832°t°3 - 13/23887872%t"2 + 1/573308928°1)*Dt"2 + (7°t"6 + 5/18*t"5 - 23/1728%t"4 - 1/6912*t"3 + 11/995328%1°2 - 7/3583
1808%t + 1/1719026784)*Dt + t°5 - 1/72%t"4 - 1/864*t"3 + 1/41472%t°2 - 1/095328%t

var('z')

F2 = 1/{1-x-y)

stime L2 = compute_diagonal annihilator(F2,
show(L2)

2,3],vari=lx,yl, t=z, Dt = "D_z")

CPU times: user 350 ms, sys: 3.12 ms, total: 353 ms
wall time: 353 ms

108 486 T2 348 24 12 24
—3125z3>D;‘+(Sf——zZ)D§+(—z3 z>D§+(— )D;+—

312 5 3125 57 3125 625

diag = fast_diagonal_series(F2,z,16,[2,3])
diag

1+ 10%z + 210%2°2 + 5005%2"3 + 125070%2"4 + 3268760+2"5 + 86493225%2°6 + 2310950400%2"7 + 62852101650%2z"8 + 1715884494040+2"0 + 47120212243
9604210 + 0(z*11)

L2(diag)

0(z"10)

https://github.com /ACSVMath /sage_periods
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We've found explicit error bounds for smooth ACSV and reduced
positivity to checking A\ > 0 & finitely many initial terms.

Future work:
o Get bounds (including finitely minimal ones!) fully implemented in Sage.
o Compare and contrast to Kenison, Ibrahim methods, plus “classical.”

o Sharpen bounds; investigate “limit bounds” in parameter space as
a N\, 1/3.

e Extend to many directions at once using uniformity or nonstandard
directions.

o Extend bounds to nonsmooth case, larger classes of functions.

Thank you! :)
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